




















ARITHMETIC PROPERTIES OF q-FIBONACCI
NUMBERS AND q-PELL NUMBERS
Hao Pan
Abstract. We investigate some arithmetic properties of the q-Fibonacci numbers
and the q-Pell numbers.
1. Introduction
The Fibonacci numbers Fn are given by
F0 = 0, F1 = 1 and Fn = 2Fn−1 + Fn−2 for n ≥ 2.











































= 5(p−1)/2 (mod p).
For more results on the congruences involving the Fibonacci numbers, the readers
may refer to [10], [11] and [12].




0 if n = 0,
1 if n = 1,
Fn−1(q) + qn−2Fn−2(q) if n ≥ 2.
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Also Schur considered another sequence F̂n(q), which is given by
F̂n(q) =

0 if n = 0,
1 if n = 1,
F̂n−1(q) + qn−1F̂n−2(q) if n ≥ 2.
Obviously both Fn(q) and F̂n(q) are the q-analogues of the Fibonacci numbers.
The sequences Fn(q) and F̂n(q) have been investigated in several papers (e.g., see
[2], [3], [4], [5] and [6]). However, seemingly there are no simple expressions for
Fn(q) and F̂n(q).
Now we can give the q-analogues of (1.1), (1.2) and (1.3). Suppose that p 6= 5 is




1− q = 1 + q + · · ·+ q
n−1
































q(αpp−1)/5 (mod [p]q). (1.7)
The Pell numbers Pn are given by
P0 = 0, P1 = 1 and Pn = 2Pn−1 + Pn−2 for n ≥ 2.
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Define the q-Pell numbers Pn(q) and P̂n(q) by
Pn(q) =

0 if n = 0,
1 if n = 1,




0 if n = 0,
1 if n = 1,
(1 + qn−1)P̂n−1(q) + qn−1P̂n−2(q) if n ≥ 2.















2−1)/8 (mod [p]q). (1.10)
Furthermore, we have






= (−1)(p2−1)/8, (1.9) and (1.10) can be respectively rewritten as
(−q)(p2−1)/8Pp(q) ≡ 1 (mod [p]q)
and
P̂p(q) ≡ (−q)(p2−1)/8 (mod [p]q).
The proofs of Theorems 1.1, 1.2 and 1.3 will be given in Sections 2 and 3.
2. Proofs of Theorems 1.1 and 1.2













(1− qn)(1− qn−1) · · · (1− qn−m+1)
(1− qm)(1− qm−1) · · · (1− q)












is a polynomial in




















Let ⌊x⌋ denotes the greatest integer not exceeding x. Then for any non-negative










































We mention that (2.1) and (2.2) can be considered as the finite forms of the first
and the second of the Rogers-Ramanujan identities respectively (the full proofs of
(2.1) and (2.2) can been found in [1]).




















L(2j)− L(2j − 1) = L̂(2j)− L̂(2j − 1) = p.
Lemma 2.2. Let
Sp = {j ∈ Z : 0 ≤ ⌊(p− 1− 5j)/2⌋ ≤ p− 1}
and
Ŝp = {j ∈ Z : 0 ≤ ⌊(p− 1− 5j)/2⌋+ 1 ≤ p− 1}.
We have




{j ∈ Z : −⌊p/5⌋+ 1 ≤ j ≤ ⌊p/5⌋} if p ≡ 1 mod 5,
{j ∈ Z : −⌊p/5⌋ ≤ j ≤ ⌊p/5⌋} if p ≡ 2, 3 mod 5,
{j ∈ Z : −⌊p/5⌋ ≤ j ≤ ⌊p/5⌋+ 1} if p ≡ 4 mod 5.
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These two lemmas above can be verified directly, so we omit the details here.


















1 (mod [p]q) if k = 1 or p,
0 (mod [p]q) if 1 ≤ k ≤ p− 1.





It is easy to check that
{j : ⌊(p− 5j)/2⌋ = 0 or p} =

{(p− 1)/5} if p ≡ 1 mod 5,
{−(p+ 1)/5} if p ≡ 4 mod 5,







1 (mod [p]q) if p ≡ 1, 4 mod 5,
0 (mod [p]q) if p ≡ 2, 3 mod 5.
This concludes the proof of (1.4).






























Suppose that p ≡ 1 mod 5. Noting that (p− 1)/5 is even and












where Lemma 2.1 is applied in the last step. Similarly we obtain that
Fp ≡

(−1)(p−2)/5qL((p−2)/5) ≡ −q(2p+1)/5 (mod [p]q) if p ≡ 2 mod 5,
(−1)−(p−3)/5qL(−(p−3)/5) ≡ −q(3p+1)/5 (mod [p]q) if p ≡ 3 mod 5,
(−1)(p−4)/5qL((p−4)/5) ≡ q(p+1)/5 (mod [p]q) if p ≡ 4 mod 5.













{j : ⌊(p− 5j)/2⌋+ 1 = 0 or p} =

{−(p− 1)/5} if p ≡ 1 mod 5,
{−(p− 2)/5} if p ≡ 2 mod 5,
{(p+ 2)/5} if p ≡ 3 mod 5,




(−1)−(p−1)/5q(p+2)(p−1)/10 ≡ q(p−1)/5 (mod [p]q) if p ≡ 1 mod 5,
(−1)−(p−2)/5q(p+1)(p−2)/10 ≡ −q(3p−1)/5 (mod [p]q) if p ≡ 2 mod 5,
(−1)(p+2)/5q(p+2)(p−1)/10 ≡ −q(2p−1)/5 (mod [p]q) if p ≡ 3 mod 5,
(−1)(p+1)/5q(p+1)(p−2)/10 ≡ q(4p−1)/5 (mod [p]q) if p ≡ 4 mod 5.
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(−1)j+⌊(p−1−5j)/2⌋+1qL̂(j) ≡ 0 (mod [p]q).








(−1)(p−2)/5+1qL̂((p−2)/5) = qp(p−7)/10 ≡ 1 (mod [p]q) if p ≡ 2 mod 5,
(−1)−(p−3)/5+(p−1)qL̂(−(p−3)/5) = qp(1−2p)/5 ≡ 1 (mod [p]q) if p ≡ 3 mod 5.
All are done. 
3. q-Pell number
To prove Theorem 1.3, we need the similar identities as (2.1) and (2.2) for Pn(q)
and P̂n(q) respectively. Fortunately, such identities have been established by Santos




























































(−1)jq2j2+jT1(n+ 1, 4j + 1,√q). (3.2)
Proof of Theorem 1.3. For arbitrary two polynomials f(q) and g(q), it is easy to









































































≡ 0 (mod [p]q2)
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when p ∤ k, we have
Pp(q2) ≡
{
(−1)(p−1)/4q(p−1)2/4 if p ≡ 1 mod 4





































(−1)(p−1)/4q(p−1)2/4+(p−1)/2 if p ≡ 1 mod 4








Thus the proofs of (1.9) and (1.10) are completed.






≡ 1 + qp (mod [p]q2)








(1− q2p+2)(1− q2p+1)(1− q2p)∏p−1j=1(1− q2p−j)






(1− q2p)− (1− qj)







≡ (−1)p−1q−(p2) (1− q
2p+2)(1− q2p+1)(1− q2p)






) (1− q2p+2)(1− q2p+1)





) (1− q2p+2)(1− q2p+1)(1− q2p)
(1− qp+2)(1− qp+1)(1− qp) ≡ 1 + q
p (mod (1 + qp)[p]q = (1 + q)[p]q2).
We are done. 
From the definition of T1, we have

























































































Pp+1(q2) + qPp(q2) =
∞∑
j=−∞


































6≡ 0 (mod [p]q2)
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if p ≡ 3 mod 4







≡1 + qp + (1 + q)Pp(q2) (mod [p]q2).
This concludes that
Pp+1(q2) ≡ 1 + Pp(q2) (mod [p]q2).
Similarly, we have
P̂p+1(q2) + qP̂p(q2) =
∞∑
j=−∞























2−1)/4(1 + q)− qp
≡1 + qp + (1 + q)P̂p(q2)− qp (mod [p]q2),
whence
P̂p+1(q2) ≡ 1 + P̂p(q2) (mod [p]q2).

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